In this paper, we have developed a systematic technique to regularize double summations of Landau levels and analytically evaluated the photon vacuum polarization at an external magnetic field. The final results are described by Lerch transcendent Φ(z, s, v) or its z-derivation. We have found that the tensor of vacuum polarization is split into not only longitudinal and transverse parts but also another mixture component. We have obtained a complete expression of the magnetized photon vacuum polarization at any kinematic regime and any strength of magnetic field for the first time. In the weak B-fields, after canceling out a logarithmic counter term, all three scalar functions are limited to the usual photon polarization tensor without turning on magnetic field. In the strong B-fields, the calculations under Lowest Landau Level approximation are only valid at the region M 2 ≫ q 2 , but not correct while q 2 ≫ M 2 , where, an imaginary part has been missed. It reminds us, a recalculation of the gap equation under a full consideration of all Landau Levels is necessary in the next future.
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I. INTRODUCTION
It has been a long time ago that Schwinger studied the physical problems of fermions moving in a constant magnetic field [1] . Working in Landau and symmetric gauges, he obtained the exact fermion propagator written in an integral representative. In 1990, Chodos et al. demonstrated that the propagator is equivalent to a summation representative by decomposing over Landau poles [2] . The summation of Landau levels clearly indicates that the related calculations of magnetized matter are more complicated than usual ones. Especially, if the infinite series are not convergent, it would be hard to extract the finite results by general regularization methods, such as Pauli-Villars, dimensional regularization, and so on.
Basically, Quantum Electrodynamics (QED) vacuum is modified after turning on an external electromagnetic field and then several striking phenomena are created, such as photon decay into an electron-positron pair via Schwinger mechanism [1, 3, 4] ; vacuum birefringence of a photon [5, 6] ; photon splitting and so on [7, 8] . As a fundamental information of magnetized vacuum, photon vacuum polarization tensor [9] [10] [11] [12] [13] is expressed in terms of a double summation of infinite series with respect to two Landau levels occupied by virtual charged particles. Therefore, even though the tensor structure of one-loop diagram is plain to carry out, the subsequent calculations are particularly complicate to approach. Before, most works were focusing on the strong filed limit where an assumption of Lowest Landau Level (LLL) has been applied [10, 14] approximation is and what kind of invalid physics would be caused. Without a complete description of vacuum polarization, it also limits us to explore other possible non-trivial phenomena in response to the external electromagnetic fields.
The regularization and renormalization procedures are essential ingredients of quantum field theory. Among these methods, a powerful technique named as zeta function regularization is always greatly expected when encountering infinite sums [15, 16] . For instance, the thermal radiation [17] and Casimir effect [18] have been computed by the zeta function directly. After our investigation, we confirm that the zeta function technique can be utilized to address the photon vacuum polarization tensor Π µν in the presence of B, as well. Remarkably, we find that the Lerch transcendent [19, 20] , belonging to zeta family, is very efficient to handle the double infinite series of Landau levels. After regularizing the divergent series, it gives us a finite value of Π µν despite of the double summations.
Recently, an extremely strong magnetic field of the strength of 10 18−20 G, equivalent to the order of m 2 π , has been realized in non-central heavy-ion collisions at the Relativistic Heavy Ion Collider (RHIC) or the Large Hadron Collider (LHC) [21, 22] . It draws a lot of interests to explore the theoretical problems of Quantum Chromodynamics (QCD) vacuum and strong-interaction matter under hadron-scaled magnetic fields. Hence, the purposes of this paper are double folds. Firstly, we are going to develop a systematic technique to extract finite results after double summing infinite Landau levels in the existence of external magnetic fields. We obtain a complete expression of the magnetized photon vacuum polarization at any kinematic regime and any magnitude of B. Secondly, after a full theoretical formula has been established, we wish our work can be served as a standard routine and toolbox to involve in future researches in QCD×QED physics.
The paper is organized as follows. We demonstrate the procedure on how to derive the basic form of Π µν at external B in section II. Dimension regularization in longitudinal space also is explained here. In section III, we present how powerful of the zeta regularization method in extracting finite physical results from infinite series. We examine the limiting behaviors of Π µν and physical explanations at different kinematics regimes in section IV. We end up with the summary and future applications in section V. In appendices, we provide supplemental materials of Lerch transcendent and some useful mathematic formula.
II. VACUUM POLARIZATIONS
The decomposed fermion propagator / S(k) is written as [14] :
where
2 )/2 are the projecting operators corresponding to the spin state of charged particle paralleling or antiparalleling to the direction of external field B. They satisfy following commutation relations:
Here, the metric convention g µν is decomposed into two orthogonal subspaces g µν = diag(1, 0, 0, −1) and g µν ⊥ = diag(0, −1, −1, 0). Similar decompositions are adopted for four dimensional momentum
, where p = k + q and e is the electrical charge. The general Feynman parameter for the denominator factor has been introduced [23] . Besides, Schwinger observed that all propagators may be rewritten as Gaussian integrals by using a so called proper time representation [24] . After combining them, the denominator factor is shown as:
τ is the variable of proper time. Before step on, we normalize the momentum to dimensionless, whereq
, and so on.
It is common known to shift k to k − (1 − x)q to simplify the later calculations. However, we only shiftk tok
. The reason will show later by the explicit expression of Eq. (9) . Also, the detailed meaning of notation α, β are described in Eq. (10) . Now, the tensor structure of vacuum polarization I µν becomes
The augments of L α,β n,m have been abbreviated. Therefore,
Under the help of generating function of Laguerre polynomials [20] :
for |t| < 1, we are able to evaluate the summation of Landau level by a direct manner. We have exp 2k
where the regulator z = e −ǫ ⊥ (for ǫ ⊥ → 0) has been included in each summation. The last exponential term explains the unusual shifting of transverse momentum which is early taken in Eq. (4). Here,
−(1−x)τ , and
In principle, another term
should appear in Π µν . But it definitively vanishes because of the symmetry between x ↔ 1 − x. In other words, hold by Ward identity.
III. LERCH TRANSCENDENT REGULARIZATION
After summation, it is remarkable that we acquire such a simple term, which takes the form of
where v 0 =M 2 − ηq 2 − iǫ and h(x, τ ) = αβ/(α + β). The integral volume space after performing wick rotation is
Note here k 0 = ik
In the appendix B, we detailed explore the value of h(x, τ ). We find that it locates in the interval [0, 1] for x ∈ [0, 1] and τ ∈ (0, ∞). The feature of Gaussian integrals is that its dominant contribution is coming from the point where the argument of the exponential is stationary [25, 26] . Therefore, from the view of mathematics, whenq 2 ⊥ → 0, the mainly contributed interval of h(x, τ ) is at its maximum value with τ ≫ 1, i.e. h(x, τ ) = 1. Aŝ q 2 ⊥ → ∞, h(x, τ ) is at its minimum region ητ to produce stationary points with τ ≪ 1. From the view of physics, since the sphere space symmetry is almost not broken for B → 0, h(x, τ ) is closing to the coefficient ofq 2 , i.e., ητ . On the other hand, the transverse spaces are decoupling from the whole system as the strength of magnetic field increasing, but the longitudinal space is left. All in all, after considering the magnitude ofq 2 ⊥ , the suitable approximation of h(x, τ ) can be applied as
Then, we rewrite Eq. (12) as
Following Eq. (4), one obtains the full description of the tensor
where S.T. denotes the related symmetric terms by exchanging x and 1 − x. Both the functions of longitudinal and transverse momentum are at a simple Gaussian form in the integrand. Carrying out the integration, one gets
The denominator in Eq. (19) is determined by algebra
The result of integrating Eq. (19) is exactly proportional to Γ(s+ 
Here, not only Φ is going to divergent for s being nonpositive integer at z → 1, but also Γ(s + ǫ 2 ). When s = 0, the unpleasant divergence of Gamma function is originated from the UV-divergence with k 2 in the numerator. Loosely speaking, the dimension regularization in the longitudinal space should reduce such quadratic divergence to a logarithmic one, and then s has to be greater than zero while evaluating Eq. (19) . To cure the divergent Γ( ǫ 2 ), we employ the formula 1 τ ≃ ze
to increase the power of τ and therefore get the associated term in Eq. (23) . We also adopt the approximate form of h(x, τ ) to get Eq. (26) . We separate Π µν into three parts, in the form of
where π i = π , π ⊥ , π m correspond to longitudinal, transverse and mixture scalar function, respectively. The projecting operators are
Led by the explicit form of (22), we get
where the logarithmic divergence has been removed, see Eq. (A4). ψ is di-gamma function, which is the logarithmic derivative of the Gamma function,
The detailed limiting behaviors of function Φ are discussed in appendix A. Meanwhile, from the summation representative of Lerch transcendent [19, 20] , we obtain
Hence, the transverse scalar self-energy function can be derived as:
via formula (26) . The mixture scalar function is described as
The full tensor structure of P µν m is combined by several components, including π µν b and a partial of Eq. (22) and Eq. (26) . Their associated scalar functions are closed but not exactly equivalent in our current calculation, shown by (23) , (24), (25) , and so on. As a gauge invariant tensor, such slight differences should not exist. But, they are inevitable since we have to simplify h(x, τ ) to access a final answer. Here, we pick up the typical and dominant parts among them as our results of π m , given in Eq. (34).
IV. DISCUSSION OF RESULTS
Di-Gamma function ψ(v) = −1/v + ψ(v + 1) has a simple pole at v = 0 with residue −1 [19, 20] . It leads that Π µν is not a purely real valued function but contains imaginary part when the variable of ψ becoming negative. Since the maximum value of η = x(1 − x) is at the point x = 1/2, the threshold condition is q 2 = 4M 2 for strong magnetic fields, where transverse momenta have been decoupled. The reason that the threshold condition is not sensitive to the magnitude of magnetic fields is because the virtual pair gains energy from the external momentum of photon and becomes real via photon decay. One should distinguish it with the pair production in strong electric fields via Schwinger effect, i.e. virtual pair gains energy from the external electric field [16] .
Strong Magnetic Field Limit For eB ≫ q The maximal value of ⌊q 2 /4 −M 2 ⌋ (floor function) is equal to zero. Therefore, among three scalar functions, only π contains imaginary part in the small distance regime where q 2 > 4M 2 , which is
where ∆ = q 4 − 4q 2 M 2 . Since here we have |v| ≪ 1, ψ can be expanded as [20] :
γ ≈ 0.577216 is the Euler-Gamma constant and
where π 0 = −2eB/q 2 − γ/3. Furthermore, one deduces that Re π = π 0 for q 2 ≫ M 2 and π = eB/(2M 2 ) − γ/3 for q 2 ≪ M 2 . π ⊥ and π m are purely real valued functions at this limit. One gets that
≫ π ⊥ at strong B limit, which demonstrates the decoupling of transverse spaces.
Medium Regime Di-Gamma function ψ is meromorphic with simple poles at not only zero point but also v = −1, −2, ... with residues −1.
All three scalar functions are characterized by an imaginary part whileq 2 > 4(M 2 + 2eB). Thus, if n = ⌊q 2 /(8eB) −M 2 ⌋ is a finite positive integer, ψ can be transformed through the following series [20] 
Then, one has
The physical explanation of n is the highest Landau level which possibly occupied by the created real fermion-antifermion pair. The transverse function takes the form of:
. Integrating analytically with respect to x is not a plain task. However, the numerical evaluation of a complete result of Π µν in any kinematic regime and any strength of B-field is not computationally expensive. We leave it in the future work. An interesting algebra given here is that
Weak Magnetic Field Limit The fermion propagator at a constant magnetic field reduces to a free one if B → 0. It indicates that the three scaler functions have to become uniform and close to the usual results without B-fields. For eB ≪ q 2 and eB ≪ M 2 , C = 1 and q 2 = q 2 . Especially, v is possible going to either +∞ or −∞. At these regimes, ψ(v) is logarithmically divergent [19] . A counter term of course has to be introduced to regularize results. According to the properties of ψ, one has [19] 
Let m = ⌈M 2 ⌉ (ceiling function). The regularizedψ(v) is defined byψ(v) = ψ(v) − ln m. The counter term ln m is zero at strong magnetic field limit, i.e., m = 1 for M 2 ≪ eB. Another important property of counter term is that it is a purely real valued function and should not affect the imaginary part of Π µν . Through Im ψ(v) = Im ln v at v → −∞, one can easily derive the imaginary part of the complex scalar functions for q 2 ≫ M 2 :
Note that here
The results of Eq. (45) are exactly the same as the ones if performed via early formula (43). Besides,
Obviously, when |v| → ∞, the differences among three scalar functions are at the order of eB/Λ 2 , examined by above results. Thus, we only provide the real part of the scalar function π at the weak magnetic field limit, which is
The limiting behaviors are in the forms of:
V. CONCLUSIONS AND OUTLOOKS
In this paper, we evaluated the photon vacuum polarization tensor in the presence of a homogeneous, purely magnetic field in a systematic framework. The quadratic UV divergence of longitudinal momentum is cured by dimension regularization procedures. We developed the zeta function technique to deal with the infinite series and then subtract the finite results. Therefore, beyond LLL approximation, we obtained a full description of vacuum polarization tensor in response to all the Landau levels at any field strength of B for the first time. The final answers are characterized by the di-Gamma function ψ(v) and zeta functions. Remarkably, we caught an intuitive understanding of the imaginary part of the photon polarization beyond the thresholdq 2 = 4M 2 in our context. That is, the singular behavior of ψ(v) near each non-positive integer −k describes the probability which a photon decays into a real fermion-antifermion pair at the given Landau level state k. The allowed quantum states are determined by the magnitude of n = ⌊q 2 /(8eB) −M 2 ⌋, with k = 0, 1, ..., n. Such kind of pair creation process was observed by Hattori and Itakura [11] . Their work, and other similar ones [12, 13] , used an alternative method for calculating the magnetized vacuum polarization tensor, which is based on an integration of double proper times.
Below the threshold,q 2 < 4M 2 , the vacuum polarization tensor is a purely real valued function. In the specified physical parameter regime, strong field limit, we analog our answers with the early ones under LLL approximation. We confirmed that LLL approximation is valid in the region where M 2 ≫ q 2 but not correct in the region q 2 ≫ M 2 [10, 14] , where the imaginary part has been missed. We then focused on another interesting kinematics regime, weak field limit. We found out the correct counter term and demonstrated that Π µν is limited to the usual vacuum polarization at B → 0.
As showed by above sections, the integration with respect to the proper time is carried out by Lerch transcendent Φ(z, s, v) straightforwardly. It also should be realized as a performance of double summation with respect to two charged virtual particles. Our current work for the first time brings a complete and surprising expression to the photon vacuum polarization at a constant external magnetic field. Our approach is based upon a consistent applying of Lerch transcendent regularization. The final description is rendered in a simple language of Lerch transcendent or its z-derivation. The whole procedure is elegant and mathematically rigorous. Therefore, it allows us to enlarge the scope of this technique. In other words, Lerch transcendent can be served as a fundamental tool to sum the infinite series with respect to the Landau levels. It has opened a new window to investigate a wide range of phenomena in all physical regimes. Especially, we expect our results will play an important role in studying the observations in the heavy ion collisions at RHIC and LHC experiments.
In the next paper, we will extend our studies to finite temperatures. In particular, we will compute the gap equation via the complete photon vacuum polarization tensor. It had been studied under the assumption which the dynamical mass of fermion is determined within the LLL approximation. One should recalculate this essential ingredient based on our presented results. for τ < 1. However, for τ > 1, we have to use another formula, which h(x, τ ) z→1 ≤ 1 − 2 √ t 1 t 2 + t 1 t 2 1 − t 1 t 2 = tanh τ 4 .
Generally, tanh τ 4 can be replaced by step fucntion θ(τ ) and its maximum value is equal to 1.
